The phase space of a classical particle in DSR contains de Sitter space as the space of momenta. We start from the standard relativistic particle in five dimensions with an extra constraint and reduce it to four dimensional DSR by imposing appropriate gauge fixing. We analyze some physical properties of the resulting theories like the equations of motion, the form of Lorentz transformations and the issue of velocity. We also address the problem of the origin and interpretation of different bases in DSR.
I. INTRODUCTION
In many situations, it is of interest to discuss phase spaces with curvature. Examples of models with curved position spaces abound, but models with curved momentum space can also be quite interesting [1] [2] [3] [4] . One of their common features is that they are all closely related to non-commutative geometries (see eg. [5] ). Some new investigations suggest that these models might be relevant to quantum gravity. For instance, it has been found that a particle coupled to gravity in three dimensions has a curved, maximally symmetric momentum space [6, 7] . Similar properties have been argued to hold in four dimensions as well [8] . As another example, Deformed Special Relativity (DSR) [9] [10] [11] [12] [13] , which has been argued to represent an effective low-energy description of quantum gravity, also implements momentum space as de Sitter [14, 15] or anti de Sitter [16] .
In usual relativistic physics, the phase space of a particle consists of the position space and the momentum space both of which are four-dimensional Minkowski spaces. One also introduces an action which determines the canonical coordinates on the phase space and their dynamics. On the other hand, in DSR, kinematics and dynamics are usually defined separately. One first specifies a deformed symplectic form on the phase space which reflects the fact that the momentum space is de Sitter. The dynamics is then determined by the symmetries and the Hamiltonian is constructed from the Casimir of the Poincaré group. The issue that we address here is to determine an action principle for DSR which generates both * Electronic address: fgirelli@perimeterinstitute.ca † Electronic address: tkonopka@perimeterinstitute.ca ‡ Electronic address: jurekk@ift.uni.wroc.pl § Electronic address: elivine@perimeterinstitute.ca the symplectic form and the dynamics. The next section is devoted to description of the standard relativistic particle, with special emphasis put on the way to introduce time and gauge fixing. In section III, we explain how to reduce the relativistic particle in a five-dimensional Minkowski space to a particle with a four-dimensional curved de Sitter space of momenta. We constrain the 10d flat phase space with an appropriate gauge fixing to reduce it to a 8d phase space with a de Sitter energy-momentum sector. Since our starting point is the phase space with natural coordinates in 10 dimensions, choosing a gauge fixing condition is equivalent to defining some particular coordinates in the resulting 8 dimensional phase space. We take the reduced phase space to define the single particle in DSR.
In sections IV and V, we follow the gauge fixing procedure and provide the explicit gauge fixing conditions leading to the Snyder and the bicrossproduct bases (we deal with these two bases because they are the most frequently used DSR models.) This shows how the traditional formulations of DSR can be recovered from a single 5d action principle. We then discuss the DSR physics in these two bases, equations of motion, speed-momentum relation, boosts and length contraction. In section VI, it is pointed out that another basis found in the literature does not fit in the gauge-fixing scheme.
In section VII, we discuss the description of manyparticle systems and the definition of a total momentum. In the final section, we argue that physical predictions should be independent of the choice of gauge fixing condition while the choice of particular 4d coordinates should correspond to the choice of specific measurement protocols for x and p in the context of general relativity providing us with a fluctuating space-time geometry.
We use capital letters X and P to denote coordinates in the initial phase space and small letters x and p to denote coordinates on the reduced phase space. Capital Latin indices refer to 5 dimensional spacetime, Greek to 4 dimensional spacetime, while small Latin to 3 dimensional space. Contractions on 4d variables, such as p 2 and x · p, are all defined using a metric η µν = diag(+ − −−).
II. A REVIEW OF THE RELATIVISTIC PARTICLE
A. The Action and the Legendre transform
Let us consider the free relativistic spinless particle of mass m in 4 dimensions.
In the Lagrangian formulation, the action is given by the line element in the flat metric η = (+ − −−)
which we parametrize in terms of an arbitrary time parameter. The Euler-Lagrange equations specify the symplectic form and phase space structure. The canonical momentum is defined as
and the Poisson bracket on the phase space is canonical {x µ , p ν } = η µν .
Applying the Legendre transform, we check that L is simply equal toẋ µ p µ , so that the Hamiltonian vanishes. Nevertheless, the momentum p µ satisfies H = 0 with
which we call the Hamiltonian constraint. Finally the free particle action is written in the first order formalism
where λ is a Lagrange multiplier. Note that while the action (1) cannot describe massless particles, the action (5) can. The latter action (5) in the hamiltonian formalism can be taken as a starting point for the study the relativistic particle as an alternative to (1) . The constraint H generates a gauge symmetry whose flow defines the equations of motion:
Enforcing the mass-shell condition p µ p µ = m 2 fixes the value of the Lagrange multiplier λ = 1 2m δx µ δx µ so that the momentum is
Inserting this expression in the action (5), we recover the original action (1) defined as the line element.
B. Introducing Time
A time variable is a phase space function that does not commute with the Hamiltonian (constraint).
The time parameter that is usually chosen is t = x 0 . As seen in (6), x 0 does not commute with λH. Then the equations of motion of the other variables in terms of the chosen time are obtained by the flow of the Hamiltonian constraint. Indeed, since {λH, x µ } = −2λp µ = 0 and {λH, p µ } = 0, we havė
The first equation defines a notion of speed
. Solving the constraint, we get p 0 = ± − → p 2 + m 2 . Therefore our action reduces to
where the Hamiltonian now does not vanish and is H = ± − → p 2 + m 2 , the sign depending on whether we consider the positive or negative energy branch.
Another "canonical" choice of time variable is t = D/m, where D ≡ x µ p µ is the dilatation operator. This is an acceptable time variable as D does not commute with H,
Now we get the relativistic velocitẏ
If we want to make a time-space splitting with D as the time, we need to identify space variables which commute with D so that D can be considered as establishing a legitimate clock system. The standard space coordinates x i 's do not commute with D. Nevertheless, we can define normalized space variables y i ≡ (x i p 2 )/m, which do commute with our chosen time D/m and which are equal to the standard space coordinates on-shell. Their velocities areẏ
and reduce to p i /m = γv i on the mass-shell. However, these speeds are not bounded by the speed of light, contrary to (7) , and so cannot be regarded as physical speeds. This shows that we can choose theoretically any time variable to describe the evolution of the relativistic particle, the standard time coordinate x 0 remains the physical coordinate time.
Actually, thinking of D/m as the proper time along the trajectory of the particle, i.e as the projection of the position vector x µ along the particle momentum p µ , it is natural to introduce the transversal position variables
which are orthogonal to p µ , p µ x µ = 0. Although x is defined as a 4-vector, it has only three (independent) components. And the vector (D/m, x) defines a coordinate system -the parallel and transverse projection of the 4-vector x µ along the momentum p µ . The x µ 's do not commute with the dilatation time D/m, but we can rescale them by the factor p 2 /m. The interesting feature of this choice of space coordinates is that the x µ do commute with the Hamiltonian constraint. They are actually Dirac observables and they do not evolve (in time): the gauge-fixed Hamiltonian describing the evolution of the space coordinates x the particle with respect of the time D/m vanishes.
It is possible to generalize this remark and construct position operators for the relativistic particle which are Dirac observables. They would commute with the Hamiltonian and be constant of the motion. Actually, all Dirac observables of the relativistic particle are generated by the Poincaré generators p µ and j µν = x µ p ν − p µ x ν . From these, one can construct position operators corresponding to the two previous choices of time x 0 and D:
with v = (1, 0, 0, 0), and
These are relational observables indicating the evolved positions at the time t (with respect to the chosen clock x 0 or D). A detailed analysis of the properties and quantization of these Dirac observables is under investigation [18] .
C. Gauge Fixing and the Dirac bracket
The choice of a time variable can be regarded as an explicit gauge fixing that breaks the symmetry of the action under time reparametrization. After gauge fixing, the symplectic form on the reduced phase space is given by the Dirac bracket. Given a constraint H and a gauge fixing condition C such that {C, H} = 0, the Dirac bracket is defined as
For the standard time choice C = x 0 − t, where t is a free parameter, we obtain
Note that p 0 generates the usual Hamiltonian flow under the Dirac bracket and is actually the true physical Hamiltonian dictating the time evolution with respect to the clock x 0 . The important remark linking the Dirac observables to the Dirac bracket defining the symplectic structure on the reduced phase space is the following equalities:
for any fixed parameter t. These formula summarize the explicit link between the gauge fixing procedure allowing us to generate a time evolution and the algebra of Dirac observables which are constants of motion. In the case of the Lorentz invariant gauge fixing defined by the dilatation C = D/m − t, we compute
And once again we obtain the following equalities:
III. DEFORMED SPECIAL RELATIVITY
A. A 5d Action Principle
We now turn to the relativistic particle in the context of Deformed Special Relativity (DSR). The idea behind DSR is that the four-dimensional momentum space of the particle is curved. More precisely, we choose a constant positive curvature i.e. the de Sitter space. This is implemented as a constraint in the action.
The full action for the particle in the Hamiltonian formalism is
The coordinates X A and P A form a ten dimensional phase space with the usual symplectic structure {X A , P B } = η AB . The first constraint
imposes that the physical 4d momentum effectively lives on the four-dimensional de Sitter space SO(4, 1)/SO(3, 1). The second constraint
is identified as the mass-shell constraint H in (4) and generates the Hamiltonian flow on the reduced phase space. The mass M is a function of the rest mass m and the universal mass scale κ. We will show in the following section how H 4d becomes the Hamiltonian constraint of the deformed relativistic particle and how it is actually a κ-dependent deformation of the traditional p 2 − m 2 . Actually, instead of H 4d = P 4 − M , we could take H 4d = V A P A −M for any (unit) 5d space-like vector. We remark that the structure of this action is very similar to the reformulation of general relativity as a perturbed BF theory with a SO(4, 1) gauge symmetry studied by Freidel and Starodubtsev in [21] . Indeed, the following action has the Einstein equations as classical equations of motion:
where V M is a unit vector and I, .., M = 0..4 are so(4, 1) indices. The coupling constants α and β are related to the cosmological constant and the Immirzi parameter (which is related to CP violation). The kinematical term of the action is the topological BF gauge theory. The second term is a SO(4, 1)-invariant mass term which introduces the cosmological constant. The third term explicitly breaks the SO(4, 1) gauge symmetry down to a SO(3, 1) gauge symmetry and allows to recover general relativity as a sector of the topological BF theory. We believe that the similarity between this reformulation of general relativity as a SO(4, 1) gauge theory and the 5d action for deformed special relativity might point to the fact that our 5d action would actually describe the dynamics of (test) particles in this framework.
The symmetries of the action are generated by those operators that commute with both of the constraints. It is straightforward to check that the 4 dimensional angular momentum operators,
commute with the two constraints. The J µν 's together with the P µ 's are the generators of the ten-dimensional Poincaré Lie algebra. We also refer to these operators as the spacetime boosts N i = J 0i and the rotations M ij = J ij .
B. Gauge Fixing down to DSR's
The proposed action S 5d is defined independently of any choice of "basis" or coordinate system on de Sitter. Standard theories of DSR are then to be obtained through a gauge fixing of the 5d κ-shell constraint H 5d .
More precisely, a gauge fixing is defined as a phase space function C which does not commute with H 5d :
The additional constraint C = 0 turns H 5d into a second class constraint and imposing H 5d = C = 0 will reduce the initial 10-dimensional phase space to a more traditional 8-dimensional phase space for a relativistic particle. The symplectic structure induced on the reduced phase space is the Dirac bracket defined as previously by:
A choice of proper coordinates on the reduced phase space are (x µ , p µ ) that commute with both H 5d and C:
Their Dirac bracket with any phase space function is exactly equal to their Poisson bracket with that same function:
We usually choose p µ as functions of solely the 5d momentum coordinates P A while the x µ are a mixture of X A and P A . The p µ 's are a choice of coordinate system of the 4-dimensional De Sitter space, while the x µ are a choice of generators of the translations on this same De Sitter space. Usual DSR theories are formulated through such a choice of coordinates (x µ , p µ ), which is called a choice of basis. Here we identify the ambiguity as the choice of a gauge fixing condition. Moreover, now having ten phase space functions H 5d , C, x µ , p µ , we can invert the relation between the 4d coordinates and the 5d coordinates and express the X A and P A in terms of x µ , p µ and H 5d , C. Since H 5d and C commutes with the x's and p's, we can fix them at some particular values and express X, P in term of x, p and the real parameters κ and T . Actually C is not needed to express the 5d momentum coordinates P A which are a function of p µ and κ only; C is necessary, however, to express the 5d coordinates X A in terms of the 4d coordinates x µ . Thus, the condition C is crucial to understanding the "meaning" of the fifth space-time coordinate X 4 .
Finally, we have the interesting property that any phase space function ϕ(X, P ) commuting with both the constraint H 5d and the gauge fixing condition C is actually a function of solely the x, p's. In particular, this implies that the x, p variables form a closed algebra under the Poisson bracket and define a true 4d phase space without having 5d variables appearing in their commutation relations. This also implies that it should be possible to quantize the DSR particle as a 4d system, without necessarily having to deal with the 5d variables. Nevertheless, we feel that a proper quantization should be done at the fully five-dimensional context without introducing any particular gauge fixing.
Since the different DSR theories can be seen as particular gauge fixing of this 5d action, we expect that the physical predictions of the theory should be independent from the gauge fixing choice and depend solely on the details of the 5d action. Moreover, as we know that gauge fixing and quantization do not commute, we expect that the quantization of the relativistic particle in DSR should be done from the 5d point of view and not in a particular basis of a DSR theory.
C. The 5d interpretation of DSR
We note that the 5d action (15) can be rewritten in a suggestive manner as
Here S 4d is the standard (undeformed) relativistic particle,
with a renormalized mass M 2 = M 2 − κ 2 . This works if and only if M > κ. S 4 is an extra degree of freedom,
and S I is an interaction term enforcing the energy conservation of the coupled system of the particle and the extra degree of freedom,
The extra degree of freedom comes in with an negative energy and thus resembles a conformal mode. This suggests to consider DSR as describing a standard relativistic particle coupled to some effective degree of freedom, which could come from some effective description of (quantum) gravity. This point of view will be investigated in more details in future work.
IV. SNYDER BASIS
The gauge fixing condition C defining the Snyder basis is the 5d dilatation
where T is an arbitrary real parameter. In the following, we study the reduced phase space of the particle, after the gauge is imposed, as well as the equations of motion and the kinematics of the particle in this gauge.
A. Reduced phase space
Let us introduce the following four-dimensional position and momentum
It is straightforward to check that these coordinates commute with both H 5d and C = D − T . In terms of these 4d variables, the kinetic part of S 5d can be written up to boundary terms aṡ
where in addition to the usualẋ µ p µ term, there is also a new term that depends on κ. Note that to arrive at the above formula, we explicitly imposed the constraint H 5d = 0. Now, it is easy to compute the Poisson bracket of the 4d variables either directly from the definitions (23) and the 5d symplectic structure or from the kinematical part of the action given in (24) . The resulting structure is
where the Lorentz generators are:
This deformed symplectic structure defines the Snyder non-commutative space-time. When κ goes to infinity, we recover the standard phase space of the relativistic particle.
Starting from (24), we note that the kinetic term is trivialized to x ′ µṗ µ with the new set of 4d position coordinates:
The symplectic structure expressed with these new coordinates is simply {x ′ µ , p ν } = η µν . Since the new primed coordinates are defined only in terms of the unprimed ones, they still commute with both the Hamiltonian constraint and the gauge-fixing condition. The natural issue is the physical meaning and interpretation of these new coordinates x ′ µ .
Since the 4d variables x µ and p µ commute with the 5d κ-shell constraint H 5d , we can interpret x, p as Dirac observables of the 5d system (with respect to the 5d κ-shell constraint, not the P 4 = M mass-shell constraint). On the other hand, this means that considered as operators they leave the De Sitter space invariant: the x µ 's generate the translations on the De Sitter space, which has become our 4d momentum space. Since x µ , p µ also commute with the gauge fixing condition D, we can fix H 5d = D = 0 in the ten-dimensional phase space without interfering with the x, p variables and reduce the phase space to eight-dimensions. By this, we mean that the gauge fixed bracket -the Dirac bracket-of x µ , p µ with any function will be equal to their Poisson bracket. This also allows us to invert the definition (23) and express the 5d coordinates X, P in terms of x, p, κ, T . The condition H 5d = 0 is used to obtain the 5d momentum P A , while the condition D = 0 gives the expression for the 5d position X A . We denote the resulting functions X and P in order to avoid confusion with the original variables X, P ,
or in a more condensed format:
On the one hand, this explains the origin of the x ′ µ coordinates: they are the four-dimensional sector of the 5d coordinates (at T = 0). On the other hand, the inversion formula reveals the meaning of the fifth space-time coordinate (in the Snyder basis): it is the dilatation D = x.p on the 4-dimensional relativistic particle.
Finally, we can compute the Dirac bracket corresponding to our gauge fixing. We obtain:
First, we point out that the Dirac bracket of the 4d variables x µ , p µ is equal to the Poisson bracket since they commute with H 5d : the bracket is unchanged and we remain with the commutation relations (25) . Second, we have the following relations on the 5d variables:
B. 4d DSR Physics
So far, we have derived the 4d phase space by gauge fixing the 5d phase space. Now we are interested in the dynamics of the resulting 4d particle. By this we mean writing down the 4d Hamiltonian flow, choosing a time variable and the equations of motion.
The fifth component of momentum P 4 is equal to κ 2 − P µ P µ on the κ-shell and is a 4d Lorentz invariant. Moreover, as P 4 = κ/ 1 − p 2 /κ 2 is simply a function of p 2 , we can make the 4d Hamiltonian constraint H 4d = P 4 − M of the same form as (4), i.e.
Note that the rest mass m is bounded by the universal mass scale κ, while M is necessarily larger than κ.
Computing the Hamiltonian flow of the position variables gives
leading to the same speed formula v i ≡ẋ i = p i /p 0 as in special relativity if we choose t = x 0 as our time. Therefore, we have the same relation between the speed and momentum as in special relativity, p µ = (γm, γmv i ).
The similarity between Snyder basis physics and standard special relativity suggests that there should be a direct mapping between the two. Indeed one can introduce commutative coordinates y µ , q µ in the Snyder basis x µ , p µ . Let
Then these new coordinates satisfy trivial canonical relations
The Hamiltonian flow on the phase space (y, q) is equivalently generated by p 2 or q 2 . Thus everything looks like we had rescaled the standard flat metric η µν of the Minkowski by a momentum-dependent factor (1−p 2 /κ 2 ). This type of momentum-dependent metric naturally appearing in the Snyder basis allow an explicit link with the rainbow metric formalism advocated in [22] . When its rest mass m reaches the maximal bound κ, the metric dx 2 = dy 2 /(1 − p 2 /κ 2 ) goes to infinity. In some sense, when m = κ, the particle freezes -it doesn't move. Finally the gauge fixed 5d variables have a simple expression in terms of y and q:
The Dirac observables for the DSR particle are simply p µ (or the rescaled q µ ) and J µν , which generates the usual (undeformed) Poincaré algebra. One can construct position Dirac observables the same way as done for the undeformed relativistic particle. Indeed, despite the deformed symplectic structure, the position operators x
From the 5d perspective, it is even more straightforward to obtain such position Dirac observables commuting with both constraints, H 5d ∼ P A P
A and H 4d ∼ P 4 . Indeed, the positions X µ commute with P 4 . Nevertheless these variables do not commute with the κ-shell condition
We can still use the same construction as for the 4d relativistic particle applied to our 5d particle and write down position Dirac observables on De Sitter as X µ +P µ /P 2 (T −X.P ). These actually are the previous
re-scaled by κ/P 4 .
C. Relativistic effects?
µ is the natural Lorentz invariant quadratic function of the Snyder basis positions x µ and will be therefore considered as defining the Minkowski metric in our non-commutative space-time. In terms of the 5d variables, it reads as:
In the Snyder basis, the metric is unchanged, the action of the Lorentz transformations on (x, p) is as unmodified and the speed-momentum relation is the same as in special relativity, therefore we do not expect any DSR effect on the motion of the single DSR relativistic particle. The spectrum of the L 2 at the quantum level can be found in [23] .
We expect DSR effects to appear for multi-particle systems through a modification of the energy-momentum conservation and deformed scattering amplitudes. This should be connected to the fact that there does not exist any non-trivial deformation of the Poincaré symmetry as a Lie algebra, but there does exist non-trivial deformations as a Hopf algebra structure: κ-deformed Poincaré can always be re-written as the standard Poincaré Lie algebra while all the information about the deformation will be contained in the co-product i.e the laws of addition and conservation of energy-momentum.
A last comment is that if we allow position-momentum mixing in the length operator and therefore momentumdependent metrics, we have access to Lorentz invariants other than x µ x µ , such as the rest mass p 2 and the dilatation x.p. For instance, the 5d invariant metric has an interesting expression in terms of the 4d variables:
On the 5d light-cone, T = X A P A = 0, this metric reduces to the rescaled flat metric which is thus the natural Lorentz invariant metric from the 5d perspective. Nevertheless, the physical interpretation of this metric at T = 0 is not yet clear to us. For traditional 4d physics, T does not evolve during the free motion of the system. This could nevertheless be affected by the introduction of a non-trivial dynamics (through forces). See however the discussion of the metric in the bicrossproduct basis under equation (52) below.
V. BICROSSPRODUCT BASIS
To obtain the bicrossproduct version of DSR, we choose the gauge fixing condition C as
where T is again a free parameter. Therefore the bicrossproduct basis is a light cone gauge for the 5d action. As in the previous section, we first study the reduced phase space obtained by implementing this constraint, and then look at various features of the resulting 4d physics.
A. Reduced phase space
A set of 4d momentum variables that commute with both H 5d and C are
As for the position variables, we choose
The ten variables (H 5d , C, x µ , p µ ) parametrize the tendimensional phase space. Actually, we are restricted to the sector P 4 > P 0 . If we want to parametrize the whole space, we should allow sign changes in the definition of the 4d momentum p µ .
From here, we repeat calculations similar to those presented in the previous section on the Snyder gauge-fixing. When we impose P A P A + κ 2 = 0, the kinetic part of the 5d action reduces tȯ
This can be used to derive the κ-Minkowski symplectic structure on the 4d phase space,
with all other brackets vanishing. Solving the 5d Hamiltonian constraint H 5d = 0 and fixing the gauge at C = 0 allows to invert (34) and (35) to obtain
κ ,
The first set of relations are just the familiar definitions of the bicrossproduct basis in terms of planar coordinates on de Sitter. The Dirac bracket induced by the gauge fixing condition acts on the 5d variables as
As earlier, these important facts about the Dirac bracket are that, first, the Dirac bracket of (x, p) with any other phase space function is exactly equal to the Poisson bracket and, second, the Poisson brackets of the ( X, P ) variables is equal to the Dirac bracket of the (X, P ) variables computed above.
As in the Snyder case, we can find an alternate system of position variables that trivializes the 4d symplectic structure. For the bicrossproduct basis, we achieve this by defining
This choice of space-time coordinates is commutative and the couple (x ′ , p) have canonical Poisson brackets. In terms of the 5d coordinates, x ′ 0 is given by
This variable is singular at P 0 − P 4 = 0. In terms of the 4d momentum coordinates, this singularity happens for infinite "energy", p 0 = ∞. The P 0 − P 4 = 0 is also the singularity for the bicrossproduct momentum variables (34). Therefore one could decide that the coordinates x ′ are better mathematical space-time coordinates and that they should be the physical space-time coordinates since they do commute. However, as we will see below, the speed of a DSR particle in the x ′ basis is not bounded by the speed of light c while the speed computed in the x basis will be bounded by c and behave appropriately.
B. 4d physics
We now turn to the physics and dynamics of the DSR particle in the bicrossproduct basis.
The 4d Hamiltonian constraint H 4d = P 4 − M can be re-written as:
where H goes to p 2 in the classical limit κ → ∞. Then H 4d = 0 reduces to the mass-shell condition H = m 2 for the rest mass:
where M is restricted to be larger than κ. The mass-shell condition relates the space moment − → p 2 to the energy p 0 as:
At zero speed, − → p = 0, it is possible to invert the cosh and, assuming that p 0 is the (measured) energy E, we obtain corrections to the E = mc 2 formula:
∼ m − 1 24
A measurable DSR effect would then be an energy default with the rest energy being actually smaller than the mass m. Nevertheless, this relies on two assumptions. The first one is that p 0 is effectively the energy that we measure. More generally, we should carefully define the energy-momentum p µ operationally as measurements. As an example, in 3d quantum gravity, the momentum is defined as a measurement of the geometry through the holonomy around the particle [7] . The second issue is that m might not be the true mass, but simply the bare gravitational mass. Then the mass defined above could be the renormalized mass taking into account the gravitational self-energy i.e the one that we do measure in a real experiment. This phenomenon happens in 3d quantum gravity where the bare mass m (creating the conical singularity defining the particle) gets renormalized to κ sin(m/κ) due to gravitational effect [7] . Such effects are also expected in 4d gravity [26] . The momentum light cone is defined as the limit case of a massless particle m = 0. In that case, the dispersion relation simplifies to:
For an arbitrary mass, it is still possible to extract the energy in term of the spatial momentum. For computation purpose, it is convenient to introduce α ≡ exp(p 0 /κ) or equivalently p 0 = κ ln α. Then the dispersion relation is a second degree polynomial in α and can be solved explicitly to:
It is straightforward to take the classical limit κ → +∞ where we are supposed to recover undeformed special relativity:
which allows us to identify α ± as the positive and negative energy modes. Let us underline that the negative energy mode is not given by p 0 → −p 0 . This is reminiscent of the deformation of the antipode in the quantum group language. The equations of motions arising from the flow with respect to λH are
If we choose t = x 0 as the time variable, then the speed is defined as usual as v i ≡ δx i /δx 0 . In this case, we can compute the norm of v i in terms of p 0 ,
which we express in term of the dimensionless energy ζ ≡ p 0 /κ and dimensionless mass u ≡ m 2 /κ 2 + 2. It is clear that the speed is still bounded by the speed of light c = 1 (more exactly, the speed of massless particles). Moreover as in standard physics, the speed get reach c if and only if u = 2 i.e the mass vanishes m = 0. Such a relation v(p 0 ) could be checked experimentally, assuming than p 0 is the energy.
To complete the analysis, it is interesting to invert the relation between the speed and the momentum in order to get the deformed equivalent of the standard speedmomentum relation p µ = (γm, γm − → v ). First we get the energy:
where we keep the standard definition γ ≡ 1/ √ 1 − v 2 . In the classical limit κ → +∞, we recover p 0 ∼ ±γm. Then we can compute the spatial moment as:
(49) At zero speed − → v = 0, the momentum − → p vanishes as expected. But the proportionality coefficient is deformed, it is not simply the mass m but it has a more complicated form:
On the other side, in the limit v → c where the speed reaches the speed of light, the momentum does not diverge as in special relativity and we find that − → p = κ − → v and we have a finite effective mass
We conclude this analysis with the remark that if we had chosen t = x ′ 0 as time, then we could have done the exact same calculations but we would have found that the speed with respect to x ′ 0 would increase exponentially with p 0 and diverge to infinity. This is to be compared to the use of the dilatation time D/m in special relativity. Therefore, we discard it as a physical time coordinate since we want to keep a maximal speed bound defined by the speed of light c.
The symmetry generators (19) , in terms of p µ and x µ coordinates, are
The rotations are undeformed, and the boosts are deformed in the first term. Nevertheless, they still form an undeformed Lorentz algebra (for the deformed symplectic structure). However, their action on the space-time coordinates will be deformed. More precisely, we compute their action on the position variables x µ :
The action of these generators on the momentum variables gives the well known bicrossproduct relations. Overall, the rotation algebra does not seem deformed whatsoever. On the other hand, the boost sector is different than usual; we therefore study this sector in more details below and compute the effect of this boost deformation on the traditional length contraction. We conclude this subsection with a discussion of the Lorentz invariant quadratic form, the "metric", in the bicrossproduct spacetime. In this basis, x µ x µ is not a Lorentz invariant anymore. However we can deform it into
which can be thought of in principle as a new metric. This expression is exactly the same algebraic quantity as the Snyder basis metric, J 4µ J 4µ in term of the 5d operators. However, since the quantity N i depends on the particle momentum, we obtain a momentum-dependent quadratic form, explicitly:
It is tempting to interpret the quadratic form (53) as a space time metric 1 . The momentum-dependence in the metric is strange from the point of view of special relativity, but it would be much more natural from the general relativity perspective, where we expect the particle to deform the geometry of the surrounding space-time depending on its energymomentum tensor. This effect may still be present in the DSR limit of gravity.
This would mean that the spacetime metric would vary for different particles which is rather hard to accept physically. In fact, the metric usually has a clear operational meaning, being a measure of distances between spacetime points. What one should presumably do is to try to construct the metric operationally, in terms of physical rods and clocks, using the fact that, as we said above, one has in disposal a universal observer-independent scale of velocity. It is crucial that all inertial observers could agree on a way the metric is constructed, and that means exist to synchronize clocks and rods of observers at different points and/or moving with respect to each other with constant speed. We believe that the kinematical description of the particle presented here is a good starting point for such a construction.
C. Relativistic effects
We integrate explicitly the action of the boosts on space-time coordinate and use this computation to study the time dilatation and length contraction in the bicrossproduct basis.
Consider for simplicity the action of boosts along the i = 1 direction. Defining {N 1 , F } = ∂ ξ F for any function F , we obtain from the commutators (52) the differential equations
To solve this system of equations, it is worth simplifying the right hand sides. Since {N 1 , N 1 } = 0, the object 1 Another natural quadratic form can be derived from the 5d metric:
However, the physical meaning of T is not clear and the behavior of X A X A under boosts is not simple.
N 1 (ξ) in the first equation above is actually a constant independent of ξ. Therefore, N 1 (ξ) can be evaluated once at a certain time in one particular reference frame. Using the definition for N 1 , one has
where the subscript 0 denotes that the expression is evaluated a set of initial conditions for x µ , p µ . Another trick is to find the functions M 3 (ξ) and M 2 (ξ). This can be done by considering the set of differential equations
whose solutions are
The coefficients all denote initial values.
These observations makes it straight-forward to write down the solutions to the system of differential equations (55):
Given the equations of motion (46), we can also study relativistic effects. The first of these is to check the dependence of the velocity v i = δx i /δx 0 on the boost parameter. Consider a particle that is initially at rest, i.e. its initial momentum p i = 0. Then, using the transformation laws of momenta p µ [12] , we find that
just like in special relativity. The result does not depend on the initial value of the particle's energy, thus we again find that all particles approach the speed of light v = c = 1 after repeated boosts.
Other relativistic effects that are worth investigating are time dilation and length contraction. We follow the approach developed in [17] and consider a system of two particles. One particle, labeled A, is placed at X A = 0 and has zero momentum P A = 0 in some reference frame. The other particle, labeled B, is placed at X B = ℓ and is also stationary P B = 0 in that reference frame. The equations of motion for these particles, in terms of their affine parameters s A and s B , are
In one reference frame characterized by ξ = 0, we define 'time' along each particle's worldline by
as the difference of x 0 functions at different value of the affine parameter s. We can find how these quantities transform under boosts by introducing another frame with general ξ. Then time intervals becomes
for each particle. This is time dilation in its standard (special relativistic) form. We now discuss distance measurements. A naive way to define distance is to consider the coordinate difference
similarly expression in the other directions give d 2 and d 3 . The distance interval between the particles in the second reference frame is computed by first setting x A 0 (s A , ξ) = x B 0 (s B , ξ) to obtain a relation between s A and s B , and then doing the subtraction of coordinates. The result along the direction of the boost is
The first term gives the usual length contraction effect, whereas the second term is a correction due to the momentum space curvature. Its significance grows with the original separation ℓ and with increasing ξ values. Since (s B , ξ) . In contrast to d 1 , these distances become larger as the boost parameter is increased.
An alternative approach for looking at length contraction is to define distances in terms of the combination x i − N i , as suggested by the invariant interval (53). This amounts to a shift of the coordinates by a constant. Then, we have
In a boosted frame, the new measured distance along the direction of the boost is
the usual length contraction. In the other directions, however, there is an effect:
Directions orthogonal to the boost are therefore also slightly contracted.
VI. MENDES' BASIS
Another basis was introduced by Vilela Mendes [24] in the context of the requirement of stability of the symmetry Lie algebra underlying physical systems. Concluding that the standard phase space structure underlying relativistic quantum mechanics (based on the Poincaré algebra) is not stable, he introduced a stable deformation, which can be represented in the extended ten-dimensional phase space.
The Mendes choice of 4d coordinates is close to the Snyder basis but slightly different:
The 5d kinetic term then reads
which is like the standard kinetic term rescaled by the momentum P 4 . The Poisson brackets give the following commutators:
An important feature of these relations is that the scaling factor P 4 appears explicitly on the right hand side and must be treated as a new element of the algebra. In other words, the algebra of the variables x µ and p µ in this basis is not closed, so that the space spanned by these eight variables cannot be considered as the phase space of a 4d spacetime independent of the fifth dimension. Mathematically, the fact that the x, p algebra is not closed means that there does not exist any gauge fixing condition leading to this choice of coordinates. Indeed, if we consider a phase space function C such that {C, x} = {C, p} = 0, then we have {C, P µ } = {C, P 4 } = 0 since {x, p} ∼ P 4 . Thus C must commute with H 5d and cannot be considered as a gauge fixing condition. Furthermore, since C must commute with x µ = J µ4 , C must be a SO(4, 1)-invariant function of only the P A 's. Thus it must be a function of P A P A . We conclude that although Mendes' basis (67) amounts to a specific choice of parametrization of the tendimensional phase space, it does not allow a straightforward interpretation as a 4d (non-commutative) spacetime through a gauge fixing of the 5d κ-shell constraint H 5d . Therefore, Mendes' basis is simply still a choice of variables for the same DSR theory, it does not allow the same interpretation as the Snyder basis or the bicrossproduct basis.
The other interesting feature of Mendes' work [24] is his prescription for cross-sections. He discusses a change of measure in momentum space:
On one hand, it is exactly the change of measure identified for 3d DSR [7] when considered as an effective theory for quantum gravity. On the other hand, it must be compared to the measure derived by Snyder for 4d DSR [1] :
Furthermore, Mendes postulates a trivial addition of momentum, p
µ . Since p µ = P µ , this fits with the proposal [19, 20] that the five-momentum P A is additive, but contradicts the standard view that the addition of 4d momenta p µ should be deformed.
VII. TOWARDS MANY-PARTICLE STATES
In this paper, we have studied the dynamics of a single free particle in DSR. A necessary step towards building a quantum field theory in a DSR space-time is to study the classical mechanics of many particles, in particular two particles and the mechanics of the center of mass frame. A natural remark is that if we start from the 5d action principle for the DSR particle, κ does not need to be a universal mass scale but could be assumed to be a property of the considered particle on the same level than the rest mass m.
An important issue is the definitions of the addition of (energy)-momentum and of the total momentum in the center of mass frame. Usually, in DSR theories, one chooses a particular basis and writes down a deformed addition p µ ⊕ q µ = p µ + q µ such that the original momenta p, q and the total momentum p ⊕ q are all on the same de Sitter space for the same fixed parameter κ. From the 5d perspective, it is more natural to look for a prescription independent of any gauge fixing, and the most natural one is to simply add the 5d momenta P A . This is similar to when we go from Newtonian mechanics to special relativity. Indeed we straightforwardly add the new relativistic 4-momenta. This does not simply reduce to a deformation of the 3-momentum addition since the addition of the (spatial) 3-momenta in special relativity involves explicitly the energies. In our context, let us define the total momentum in the center of mass frame as R A = P A + Q A . Then the κ parameter corresponding to the global two-particle system is
In the special case when P A = Q A and κ 1 = κ 2 = κ, the total κ tot is 2κ. This was actually already proposed in [19, 20] as a possible solution to the soccer ball problem in DSR. Another related issue regards the relative system for the two particles. More precisely, one can look for the Lorentz invariant distance between two DSR particles. This distance should involve the energy-momentum of both particles, the same way that the metric in general relativity would depend on the energy-momentum tensor of both particles.
A more careful analysis would be required to understand the details of the separation of the two-particle system into global and relative systems.
VIII. DISCUSSION
In this paper, we have studied a classical particle in five space-time dimensions subject to two constraints defining two energy scales m and κ. We have shown that, after gauge fixing, the 5d model can give rise to various DSR models in 4d. The reduction from 5d to 4d selects a set of phase space coordinates (x, p) via the requirement that they should commute with both the κ-shell constraint H 5d and the gauge fixing function C.
We found that Snyder's basis uses the 5d dilatation as its gauge fixing condition, while the bicrossproduct basis employs the 5d light-cone gauge. For both of these basis, we discussed the possible consequences of the scale κ on 4d physics. In principle, a "natural" gauge fixing C = X 4 − T could also be studied. From the 5d point of view, however, there is no clear reason to prefer one set of phase space coordinates over another one. This issue with coordinates is comparable to the one in General Relativity: General Relativity is diffeomorphism invariant and there is no canonical choice of "physical coordinates," although we always use a particular coordinate system to do explicit computations and write down the physical predictions.
In three space-time dimensions, the link between DSR and gravity has been clarified in [7] . Indeed, in 3d quantum gravity, particles are identified as conical singularities and their momentum is defined through non-local measurements as (a function of) the holonomy around the particle. This explicit characterization allows to rigorously derive DSR from 3d quantum gravity and unambiguously compute the Feynman diagrams for the resulting non-commutative quantum field theory [7] .
There is also a proposal attempting to move the similarity between DSR and GR to the level of an explicit relationship in four dimensions [25] . In that proposal, the choice of coordinates p µ (and x µ ) correspond to the definition of the measured momenta (and positions) in terms of the tetrad field e I µ . The issue then becomes: what are we exactly measuring physically when we talk bout the energy-momentum p µ ? The answer to this question will determine the "correct" choice of physical coordinates to use in DSR. Regardless, we expect the physical predictions of DSR to be independent of any gauge fixing choice and propose that the "correctness" of a particular choice of coordinates should be measured by how convenient these coordinates are to express the measurements of a particular observer. For instance, one could try to properly define length measurements using clocks and time-of-flight experiments to define the metric operationally.
At the end of the day, we cannot make concrete predictions using DSR as long as we do not find gauge invariant quantities (commuting with the two constraints of the 5d action) and their physical interpretation, or equivalently an explicit link between the choices of gauge fixing and measurement. This avenue of research seems to be a natural one from the 5d perspective. It is also our view that the 5d perspective should be a used when looking at twoparticle systems and studying their properties. Other related topics to be investigated are free spinning particles.
Finally, an important unresolved issue regards the physical interpretation of the fifth dimension. Written as a 5d theory, DSR appears as a large extra dimension theory. We have proposed to see the coordinates in the fifth dimension as some effective degree of freedom coming from quantum gravity. The reformulation of GR as a SO(4, 1) BF gauge field theory proposed in [21] may prove to be a guide in this direction. It is also very tempting to interpret P 4 as the energy scale in a renormalisation scheme, as some kind of dynamical cut-off. X 4 would then be the generator of scale transformations. Such a speculation is supported by the fact that X 4 is (more or less) the 4d dilatation operator in the Snyder basis, but this is truly little evidence. One could look at the renormalisation equation of a scalar field and try to interpret them as equations of motion in the DSR framework. The potential link between DSR and quantum gravity and the fact that the renormalisation flow of general relativity can be associated to a fifth dimension (with an AdS metric) [27] also points toward such an interpretation.
